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Abstract 
 

This present paper provides a modified rule-of-mixtures relationship which allows for the 
calculation of ultimate tensile strength (UTS) as a function of the area fraction between skin and core layers. 
The effects of fiber length and fiber orientation within the skin and core layers on the tensile strength of 
conventional and sandwich injection molded short-glass-fiber reinforced polypropylene have been studied in 
detail. The present theory is then applied to existing experimental results and the agreement is found to be 
satisfactory. 
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Introduction 
 

The advantages conferred on polymeric 
matrices through short-fiber reinforcement are  
well established.(1-2) During the injection process  
of short-fiber molded articles, the distributions of 
fiber length and fiber orientation are governed  
by various factors. These include the original 
length and concentration of fibers, the mold design 
and the processing conditions.(3-6) It is well known 
that the mechanical properties of injection molded 
short-fiber composites depend critically on the 
fiber orientation, fiber length distribution and fiber 
dispersion in final products.(7-11) Tensile strength is 
one important property of engineering materials. 
One of the basic motivations for the use of 
composite materials as engineering materials is the 
high tensile strength that can be achieved  
by incorporating high strength fibers into a matrix 
since the fibers carry most of the load. Over  
the last decade, several theoretical models have 
been proposed in order to predict the modulus  
and strength of short-fiber composites. One is  
the laminate analogy, which combines the micro-
mechanics of joining different phases with the 
macro-mechanics of lamination theory. The 
success  of  the  laminate approximation is strongly  
dependent upon the assumption of physical volume 
averaging combined with an ability to estimate  
 

the properties of the individual plies, each of which 
contains uniaxially oriented fibers. This approach 
has been used successfully to predict strength, 
modulus, stress-strain behavior.(12-13) and flexural 
stiffness.(14) The other major approach is the 
modified rule of mixtures (MROM), which has 
been mostly used to predict the modulus and 
strength of short-fiber composite by taking into 
consideration the effects of fiber length and 
orientation distribution.(15-20) In general, all of the 
proposed methods have shown good agreement 
with experimental results. Although the laminate 
and MROM methods are usually used to estimate 
the strength for short-fiber composites, the 
procedures to estimate the strength of sandwich 
injection molded parts have not been established.  
 

In this work, the model used for predicting 
the ultimate tensile strength (UTS) of sandwich 
injection molded part will be introduced. This 
predictive method is based on a MROM as a 
function of the area fraction between skin and  
core layers (so-called area fraction method). The 
advantage of this method over the traditional 
method is that the UTS of sandwich injection  
molded part, containing different fiber concentration 
between skin and core material, can be estimated. 
In order to take into account the influence of  
fiber  length  as  well  as  fiber orientation, the fiber  
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orientation efficiency factor( 0f ) and fiber length 
efficiency factor ( lf ) also can be accommodated. 
 
Background 
 
Microstructure of Conventional and Sandwich 
Injection Molded Short-fiber Composites 
 
 

A typical result of fiber orientation in the 
injection molded short-fiber composites is shown 
in Figure 1. It can be seen that there are a number 
of distinct layers within the molding with different 
fiber alignments. In the skin layer, the fiber 
orientation is predominately parallel to the flow 
direction due to the elongational forces developed 
during fountain flow at the melt front as well as 
due to the shear flow after the front has passed. In 
contrast, a random-in-plane alignment of fibers is 
observed in the core layer due to slower cooling 
rate and lower shearing.(21) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 1. Optical micrographs showing  the fiber orienta-  
                  tion pattern at the cross-sectional (Z-X plane)   
                  area of injection molded short-fiber composites.  
 

Recent work by Patcharaphun and  
Mennig(22) experimentally studied the fiber 
orientation distribution in the sandwich injection 
molded short-fiber composites. It was found that 
the fibers within the core layer are highly aligned 
parallel to the local flow direction compared to that 
of single injection molded parts. This is because 
the melt flow front of the first injected material 
develops a parabolic velocity profile. Near the 
mold  wall,  the fibers are generally aligned in flow  

direction due to the high velocity gradient. Prior to 
the skin material reaching the end of the cavity, the 
second material is injected to form the core. This 
material develops a second flow front pushing the 
skin material ahead of it. The velocity at the center 
of the core material is higher than the one at the 
skin flow front, as shown in Figure 2, because the 
first injected material solidifies as it comes into 
contact with the cold mold wall. The solidified skin 
material can act as the second mold wall inside  
the mold cavity, narrowing the flow channel. 
Therefore, the higher the velocity gradient of core 
material, the higher the fiber orientation in the core 
layer. This results in higher mechanical properties 
in the flow direction. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2. (a)Schematic fiber layer structure in sandwich    
                 injection-molded   short-fiber reinforced   
                 thermoplastics across the thickness  of  part and   
                     (b) Polymer  melt  flow   profile  during  
                 sandwich injection molding.  
 
 
Modified rule of Mixtures (MROM) 
 
  The modified rule of mixtures is often used 
to predict the tensile strength of short-fiber 
composites. The formula of MROM is given by 
     

mmffloCU VVff σσσ +=    (1) 
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where CUσ  and fσ  are the ultimate strength of 

the composite and fiber, respectively; fV  and mV   
denote the volume fraction of the fiber and matrix; 

mσ  is the stress developed in the matrix; of  
and lf  are the fiber orientation and fiber length 
efficiency factors, which depend on various 
parameters such as fiber volume fraction and 
processing conditions, and are only fitted 
empirically.(23) By using the Voigt average and 
dividing the reinforcement into groups of 
uniaxially aligned fibers, of  is determined by 
 

∑=
n

nno af ϕ4cos     (2) 

where na is the proportion of fibers making an 
angle nϕ  with respect to the applied load or flow 
direction. The efficiency of fiber reinforcement for 
several situations is presented in Table 1, this 
efficiency is taken to be unity for an oriented fiber 
composite in the alignment direction, and zero 
perpendicular to it.  
 
Table 1. Reinforcement   efficiency  of  fiber  reinforced 
               composites for several fiber  orientations  and 
               at various directions of stress application [24] 
 
Fiber Orientation Stress Direction Reinforcement 

Efficiency,(ƒ0) 

All Fibers parallel 
Parallel to fibers 
Perpendicular to 
fibers 

1 
0 

Fiber randomly and 
uniformly distributed 
within a specific plane 

Any direction in 
the Plane of the 
fibers 

3/8 

Fiber randomly and  
Uniformly distributed 
within three-dimension 
in space 

Any direction 1/5 

 
If the fiber length ( )l  is uniform, the fiber length 
efficiency factor can be obtained from 

c
l l

lf
2

=   for l  < cl   (3) 

l
l

f c
l 2

1−=   for l  ≥  cl   (4) 

where cl  is the critical minimum fiber length. This 
critical length is given by 

τ
σ

2
d

l f
c =      (5) 

where d  is the fiber’s diameter and τ  the 
interfacial shear strength between fiber and matrix. 
In the case of a strong interfacial bond, τ  is 
limited by the shear strength of the matrix ( )mτ . 
Assuming isotropy of the matrix this results in 
 

3
mσ

τ =                  (6) 

 
If the fiber length is not uniform, the model can be 
given by 
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The first and second terms in this expression 
represent the contributions of the fiber’s length as 
shorter and longer than cl , respectively.  
 
Area Fraction Method 
 

The deviation of this model to predict the 
tensile strength of short-fiber composite can start 
with considering the total load sustained by the 
composite ( )CF  being equal to the loads carried by 
longitudinal fibers and transverse (or random) 
fibers, which was proposed by Akay and 
Barkley(10) defined as 

 
TLC FFF +=      (8) 

From the definition of stress ( AF σ= ) and the 
expression for CF , LF  and TF  in term of their 
respective stresses, the ultimate tensile strength of 
the composite ( CUσ ) can be rewritten as: 
 

TUTLULCCU AAA σσσ +=    (9) 

or 
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where 
C

L

A
A

 is the area fraction between the skin 

region  and  the  cross-sectional area of specimen;  

and 
C

T

A
A

 is the area fraction between the core  



 
PATCHARAPHUN, S. and MENNIG, G. 

 

12 

region and the cross-sectional area of specimen.  
As to the UTS of the skin region, ULσ , 

where the fibers near the part surface are generally 
aligned in the flow direction or tensile axis, is 
given by: 
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The UTS of the core region, UCσ , where 

the fiber orientation is predominately transverse or 
random to the flow direction, this equation can be 
written as: 
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Therefore, the UTS of short-fiber 
reinforced composites ( UCσ ) with respect to the 
effects of fiber length and fiber orientation can be 
evaluated using the following equation: 

 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=

∑∑

∑∑

〉〈

〉〈

C

T
mm

ll i

c
ff

ll c

iff

C

L
mm

ll i

c
ff

ll c

iff
CU

A
AV

l
lVf

l
lV

f

A
AV

l
lVf

l
lV

f

ci

core

ci

core

ci

skin

i

skin

σσ
σ

σσ
σ

σ

2
1

2

2
1

2

00

00

    (13) 
 
where 

skin
f0 and 

core
f0  are the fiber orientation 

efficiency factors for the skin and core layers, 
respectively. The schematic diagram of the cross-
sectional area for conventional injection molded 
composites is depicted in Figure 3a.  
 

Equation (13) can be expressed in terms of 
the UTS for the sandwich injection moldings as 
below: 
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where  skinA and coreA  are the cross-sectional areas 
of skin and core materials (see Figure 3b). 
Equation (13) can also be employed for sandwich 
injection molded composites, containing different 
fiber concentration between skin and core material 
(see Figure 3c). When the skin and core materials 
filled with 40 and 20 wt% of fiber, for example, the 
expression can be written as follows: 
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Figure 3. Schematic  illustration of   the  cross-sectional  
                area  indicating  the skin and core regions: (a)   
                conventional   injection    molded   short-fiber        
                composite,   (b) Sandwich   injection  molded   
                part, and (c) Sandwich injection molded short- 
                fiber composite. 
 
Experimental 
  

The materials used in this study were 
unfilled polypropylene (PP-H 1100 L), marketed 
by TARGOR (Germany), and polypropylene filled 
with 20 and 40 wt% short-glass-fiber (PP32G10-0 
and PP34G10-9) supplied in granular form by 
BUNA (Germany). The test specimens (dumbbell 
shape) were molded using an ARBURG 
ALLROUNDER two-component injection molding 
machine (Model: 320S 500-350), which can be 
employed for both conventional and sandwich 
injection molding. The processing parameters used 
for single and sandwich injection moldings are 
summarized   in  Tables 2  and  the   experimental  
nomenclatures used for conventional and sandwich 
molded parts containing different short-glass-fiber 
contents between skin and core materials are given  

AL

AT

AC = AL + AT

Skin material

Core material

ASkin

ACore

AC = ASkin + ACore

Skin material

Core material

ASkin

ACore

AC = ASkin + ACore + AT

AT

(a)

(b)

(c)
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in Table 3. The details concerning the fiber 
orientation analysis can be obtained from previous 
work.(22) 
 
Table 2. Processing parameters 
 

Sandwich Molding  
Processing Parameters 
 

Single Molding 
1st-Injection  

Unit 
2st-Injection 

 Unit 
Injection Pressure  
(bar)  1000 1000 1000 

Holding Pressure  
(bar) 800 - 800 

Holding Time  
(sec) 25 - 25 

Back Pressure  
(bar) 20 20 20 

Cooling Time  
(sec) 40 - 40 

Injection Flow  
Rate (ccm/s) 18.5 18.5 8.8 

Screw Speed  
(m/min) 12 12 12 

Injection Volume  
(ccm), (%) 37(100%) 14.8(40%) 22.2(60%) 

 
Table 3. Experimental nomenclatures 
 

No. Single Molding Sample Code 
1 PP PP 
2 PP+SGF 20 wt% SFRPP 20 
3 PP+SGF 40 wt% SFRPP 40 

Sandwich Molding Sample Code 

 Skin 
Material Core Material  (Skin/Core) 

4 PP+SGF 20 
wt% 

PP SFRPP20/PP 

5 PP PP+SGF 20 
wt% 

PP/SFRPP20 
 

6 PP+SGF 20 
wt% 

PP+SGF 20 
wt% 

SFRPP20/SFRPP20 

7 PP+SGF 40 
wt% 

PP SFRPP40/PP 

8 PP PP+SGF 40 
wt% 

PP/SFRPP40 
 

9 PP+SGF 40 
wt% 

PP+SGF 20 
wt% 

SFRPP40/SFRPP20 

10 PP+SGF 40 
wt% 

PP+SGF 40 
wt% 

SFRPP40/SFRPP40 

 
 
 The molded tensile specimens were tested 
on Zwick 1464 mechanical tester at a crosshead 
speed of 5 mm/min for a sample gage length of 50 
mm (DIN EN ISO 527). For each molding 
condition, five dumbbell-shaped specimens were 
tested and the average values of the maximum 
tensile stress were used for analysis. Polarized light 
microscopy (OLYMPUS model PMG3) and 
computer aided image analysis (a4i Analysis 
version 5.1 and Image-Pro Plus) were utilized in 
order to investigate the area fraction between skin 
and core region. For the investigation of fiber 
lengths within the skin and core layer, the 

microtome technique was employed in order to 
separate the skin and core layers. Short-glass-fibers 
were isolated from the composite materials by 
using an incineration method according to DIN EN 
60. Magnified fiber images were then digitized 
semi-automatically with the help of Image-Pro Plus 
software running on a personal computer. The fiber 
length distribution (FLD) was determined as the 
average fiber length ( μ ) which was calculated 
from a minimum of 500 length measurements on 
fibers recovered from the incineration of the 
specimen sections.  
 
Results and Discussion 
 

The purpose of developing a theoretical 
model is to explain and predict the experimental 
results. Additionally, the theoretical model should 
also allow verification by the existing experimental 
results. As described in section 2, the critical fiber 
length ( cl ) and the interfacial shear strength 
between fiber and matrix (τ ) can be calculated by 
Equations (5) and (6) for a composite system if the 
fiber length distribution, the fiber diameter ( d ) 
and the matrix strength ( mσ ) are given. The 
required parameters for predicting the strength of 
short-fiber reinforced composites are supplied in 
Tables 4. Since the fiber volume fraction ( fV ), the 

average fiber length ( μ ), the matrix strength ( mσ ) 
and the area fraction between skin and core layer 
( CoreSkin AA )  have  been  given   experimentally,  
the predicted values of UTS for the conventional 
and sandwich injection molded composites can  
be estimated following Equations (13) to (15).  
The theoretically calculated results, together with  
the experimentally determined UTS are shown in 
Figure 4. It can be seen that the model predictions 
show a reasonable agreement with the experimental 
values. The calculated results indicate that the UTS 
increases with the increase of fiber volume fraction 
(SFRPP20 and SFRPP40) and the UTS of PP 
sandwich injected with glass fiber reinforced PP 
(PP/SFRPP and SFRPP/PP) are at an intermediate 
level between those of PP and glass fiber 
reinforced PP alone. In addition the predicted 
results show that the UTS of sandwich injection 
moldings (SFRPP20/SFRPP20 and SFRPP40/SFRPP40) 
are higher than that of single injection moldings 
(SFRPP20 and SFRPP40). This is due to a higher 
degree of fiber orientation within the core layer (or 
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a higher area fraction of skin layer, 
C

L

A
A

) of 

sandwich injection molded composites,(22) though 
the fiber length distributions within the core layer 
of the sandwich moldings are slightly lower than 
the values obtained for the single injection 
moldings. However, it should be noted that the 
predicted UTS results are still higher than 
experimental ones. The reasons for this are twofold. 
Firstly, the parameters used in the calculation ( fσ and 
τ ) are given by various independent methods from 
literature.(24, 25) The conditions of the tests may be 
different, which would lead to an error in the 
calculation. It is observed in Equations (2) to (5) 
that all the orientation measures are independent of 
the fiber strength. Only the fiber length efficiency 
factor ( lf ) depends on the fiber strength, which is 
the value known with the least degree of accuracy. 
Therefore, if fσ  is not known with sufficient 

accuracy, the absolute value of lf  may be 
inaccurate. Secondly, the errors may arise due to 
the consideration of the uniform fiber alignment, 
flaw-free molding, and both the longitudinal and 
transverse layers experience the same strain, 
whereas these assumptions are difficult to obtain in 
thermoplastic composites.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4. Comparison of experimental and theoretically  
                Calculated  UTS results for  conventional and  
                sandwich  injection  molded   short-glass-fiber  
                reinforced polypropylene. 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

SF
R

PP
20

/P
P

PP
/S

FR
PP

20

SF
R

PP
20

SF
R

PP
20

/S
FR

PP
20

SF
R

PP
40

/P
P

PP
/S

FR
PP

40

SF
R

PP
40

/S
FR

PP
20

SF
R

PP
40

SF
R

PP
40

/S
FR

PP
40

0

20

40

60

80

100

120

 

M
ax

im
um

 T
en

si
le

 S
tr

es
s 

(M
Pa

)

M
ax

im
um

 T
en

si
le

 S
tr

es
s 

(M
Pa

)

 Experimental Results
 Theoretically Calculated Results

0

20

40

60

80

100

120

 

S
F

R
P

P
20

/P
P

P
P

/S
F

R
P

P
20

S
F

R
P

P
20

S
F

R
P

P
20

/S
F

R
P

P
20

S
F

R
P

P
40

/P
P

P
P

/S
F

R
P

P
40

S
F

R
P

P
40

/S
F

R
P

P
20

S
F

R
P

P
40

/S
F

R
P

P
40

S
F

R
P

P
40

σ
m

 (
M

P
a
)

2
8

.5
2

8
.5

2
8

.5
2
8
.5

2
8
.5

2
8

.5
2
8

.5
2
8

.5
2
8
.5

M
e

a
su

re
m

e
n
t

τ
 (

M
P

a
)

1
6

.4
5

1
6

.4
5

1
6
.4

5
1

6
.4

5
1

6
.4

5
1
6
.4

5
1
6
.4

5
1
6

.4
5

1
6
.4

5
C

a
lc

u
la

te
d
 [

2
4
]

σ
f 
(M

P
a
)

3
4
5
0

3
4
5

0
3
4

5
0

3
4

5
0

3
4

5
0

3
4

5
0

3
4
5
0

3
4
5
0

3
4

5
0

[2
5

]
d
 (

μ
m

)
1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

M
e

a
su

re
m

e
n
t

l c
 (

μ
m

)
1

2
5

8
.3

6
1

2
5

8
.3

6
1

2
5
8

.3
6

1
2

5
8

.3
6

1
2

5
8

.3
6

1
2
5
8

.3
6

1
2
5

8
.3

6
1

2
5

8
.3

6
1
2

5
8

.3
6

C
a
lc

u
la

te
d
 [

2
4
]

V
f

0
.2

0
.2

0
.2

0
.2

0
.4

0
.4

0
.4

/0
.2

0
.4

0
.4

M
e

a
su

re
m

e
n
t

V
m

0
.8

0
.8

0
.8

0
.8

0
.6

0
.6

0
.6

/0
.8

0
.6

0
.6

M
e

a
su

re
m

e
n
t

A
L
/A

C
 

_
_

0
.9

1
3

0
.9

6
5

_
_

_
0
.9

3
8

0
.8

3
4

M
e

a
su

re
m

e
n
t

A
T

/A
C

  
_

0
.0

4
0
.0

8
7

0
.0

3
5

_
0
.0

6
3

0
.0

5
5

0
.0

6
2

0
.1

6
6

M
e

a
su

re
m

e
n
t

A
S

ki
n
/A

C
0
.4

4
0

.4
2

_
_

0
.4

1
0
.4

2
0
.4

2
_

_
M

e
a
su

re
m

e
n
t

A
C

o
re

/A
C

0
.5

6
0

.5
4

_
_

0
.5

9
0
.5

1
7

0
.5

2
5

_
_

M
e

a
su

re
m

e
n
t

μ
S

ki
n

 (
μ

m
)

3
4
4

.0
5

_
3

3
3

.0
4

3
3
2
.7

3
1

9
0
.6

8
_

1
9
3

.1
9

1
8
3

.1
5

1
8
4

.3
8

M
e

a
su

re
m

e
n
t

μ
C

o
re

 (
μ
m

)
_

3
7
9

.8
1

3
7
5

.6
5

3
7
0
.9

3
_

2
2
4

.2
4

3
7
3

.6
8

2
3
0

.9
5

2
3
2

.2
2

M
e

a
su

re
m

e
n
t

P
ar

am
et

er
s

S
am

p
le

s
S

o
u

rc
e

T
ab

le
 4

.  
Pa

ra
m

et
er

s u
se

d 
in

 th
e 

th
eo

re
tic

al
 c

al
cu

la
tio

n 
of

 U
TS

 fo
r s

in
gl

e 
an

d 
sa

nd
w

ic
h 

in
je

ct
io

n 
m

ol
de

d 
co

m
po

si
te

s 



 
Prediction of Tensile Strength for Sandwich Injection Molded 

Short-Glass-Fiber Reinforced Thermoplastics 
 

 

15

Conclusions 
 

In this work the tensile strength of conventional 
and sandwich injection molded short-fiber 
composites is derived by an analytical method of 
modified rule-of-mixtures relationship as a 
function of the area fraction between skin and core 
layers. The effects of fiber length and fiber 
orientation on the UTS have been studied in detail. 
This model provides the necessary information to 
determine what fiber length distribution and what 
fiber orientation distribution are required to 
achieve a desired composite strength. It should be 
noted that the predicted results are still higher than 
the measured ones. This may result from some 
parameters and assumptions made in the derivation 
of the equations, which would lead to an error in 
the calculations. 
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